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Maximum Betweenness Problem 

Well known combinatorial optimization problem 

 

 For given set 𝑆 of 𝑛 objects 𝑆 = 𝑥1, 𝑥2, … , 𝑥𝑛  and 

given set 𝐶 of triples 𝑥𝑖 , 𝑥𝑗 , 𝑥𝑘 ∈ 𝑆 × 𝑆 × 𝑆, MBP is 

a problem of determination of the total ordering of 

the elements from 𝑆, so the number of triples from 

𝐶 that satisfy “betweenesses constraint” (i.e. 𝑥𝑗 is 

between 𝑥𝑖 and 𝑥𝑘) is maximal 
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Maximum Betweenness Problem (2) 

 Alternatively, MBP can be formulated as 

determining the permutation 𝜋 of 𝑆 that maximizes 

the number of triples 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖 , such that 

𝜋 𝑎𝑖 < 𝜋 𝑏𝑖 < 𝜋 𝑐𝑖  or 𝜋 𝑐𝑖 < 𝜋 𝑏𝑖 < 𝜋 𝑎𝑖  

 Example: Let 𝑛 =  5, 𝑆 =  {1, 2, 3, 4, 5} and that 

collection 𝐶 contains 6 triples: (1, 5, 2), (3, 4, 2), 
(4, 1, 5), (2, 1, 4), (5, 4, 3) and (1, 4, 3). 
The optimal solution is the permutation 
1 2 3
3 5 1

   
4 5
2 4

. Objective value is 6 and triples 

are respectively mapped to (3, 4, 5), (1, 2, 5), 
(2, 3, 4), (5, 3, 2), (4, 2, 1) and (3, 2, 1) 
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Applications of MBP 

MBP is used for solving some physical mapping 

problems in molecular biology: 

During the radiation hybrid experiments, the X-rays are 

used to fragment the chromosome. 

 If the markers on the chromosome are more distant from 

one another, the probability that the given dose of an X-ray 

will break the chromosome between them is greater. 

By estimating the frequency of the breaking points, and 

thus the distances between markers, it is possible to 

determine their order in a manner analogous to meiotic 

mapping. 
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Applications of MBP (2) 

 Improvement of the radiation experiment is 

achieved by finding the total ordering of the 

markers that maximizes the number of satisfied 

constraints 

 The software package RHMAPPER uses this 

approach to produce the order of framework 

markers, employing two greedy algorithms for 

solving the betweenesses problem. 
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Applications of MBP (3) 
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MBP mathematical formulation 

Let 𝑛 be number of objects in finite set 𝑆.  

Without loss of generality, it can be assumed that 

𝑆 = 1, 2, … , 𝑛 .  

Let 𝐶 be set of 𝑚 triples from 𝑆×𝑆×𝑆 and 𝑖-th triplet is 

denoted as 𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖   

Let 𝛼 be a real number from (0,1] 

 

Suppose that 1-1 function 𝑓: 𝑆 → 𝑆 is known. Four sets of 

variables are introduced:  
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MBP mathematical formulation (2) 

Suppose that 1-1 function 𝑓: 𝑆 → 𝑆 is known. Four sets of 

variables are introduced:  

 

 

 

 

 

 

 

Now, the MILP model is formulated as follows: 
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MBP mathematical formulation (3) 

subject to: 
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MBP mathematical formulation (4) 

Presented model have 𝑛 real variables and 3𝑚 binary 

variables 

There are 5𝑚 constraints in the model 

The parameter ∝ is introduced in order to make ˛∝/𝑛 
greater than a round-off error 
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Electromagnetism metaheuristic 

 (Birbil and Fang 2003)  

“An electromagnetism-like mechanism  

for global optimization.”  

 

 (Birbil et al. 2004)  

“On the Convergence of  

a Population-Based Global Optimization 

Algorithm.” 
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Electromagnetism metaheuristic (2) 

 EM utilizes an attraction-repulsion mechanism to 

move sample points towards optimality 

 Each point (particle, EM point) is treated as a 

solution and a charge is assigned to each 

particle  

The charge of each EM point relates to the objective 

function value, which is the subject of optimization 

Better solutions possess stronger charges and each 

point has an impact on others through charge  

 The exact value of the impact is given by 

equation analogues to Coulomb’s Law 
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Electromagnetism metaheuristic (3) 
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𝑞𝑖 = exp −𝑁
𝑦𝑖
𝑜𝑏𝑗
− 𝑦𝑏𝑒𝑠𝑡
𝑜𝑏𝑗

 (𝑦𝑘
𝑜𝑏𝑗
−𝑦𝑏𝑒𝑠𝑡
𝑜𝑏𝑗
)𝑀

𝑘=1

 

Electromagnetism metaheuristic (4) 

o Calculation of charges 
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𝑭𝒊 =

 (𝒚𝒋 − 𝒚𝒊)
𝑞𝑖 × 𝑞𝑗

𝒚𝒋 − 𝒚𝒊
𝟐

𝑀

𝑗=1,𝑗≠𝑖

, 𝒚𝒋
𝒐𝒃𝒋
< 𝒚𝒊
𝒐𝒃𝒋
 

  𝒚𝒊 − 𝒚𝒋
𝑞𝑖 × 𝑞𝑗

𝒚𝒋 − 𝒚𝒊
𝟐

𝑀

𝑗=1,𝑗≠𝑖

, 𝒚𝒋
𝒐𝒃𝒋
≥ 𝒚𝒊
𝒐𝒃𝒋

 

o Calculation of forces 

Electromagnetism metaheuristic (5) 
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𝑦𝑖
𝑘 =

𝑦𝑖
𝑘 + λ

𝐹𝑖
𝑘

𝑭𝒊
1 − 𝑦𝑖

𝑘 , 𝐹𝑖
𝑘 > 0

 𝑦𝑖
𝑘 + λ

𝐹𝑖
𝑘

𝑭𝒊
𝑦𝑖
𝑘 ,             𝐹𝑖

𝑘 ≤ 0

 

 

o Moving EM points 

Electromagnetism metaheuristic (6) 
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EM method for solving MBP 

 Proposed method have carefully designed 

following aspects of the EM:  

Representation of the EM points  

Objective function calculation 

Local search procedure, which implements cashing 

techniques during its execution  
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EM for MBP - Representation 

 In order to maintain the search effectiveness of 

the algorithm, choosing an appropriate 

representation of the candidate plays a key role 

Each EM point in the solution set is related to one 

ordering of the set 𝑆 = {1, 2, . . . , 𝑛}, which used for 

determining the number of satisfied constraints in the 

objective function  

EM point 𝑥 is 𝑛-dimensional vector of real coordinates, 

𝑥 =  (𝑥1, 𝑥2, . . . , 𝑥𝑛),𝑥𝑖 ∈ 0, 1 , 𝑖 = 1, . . . , 𝑛  

For a given EM point 𝑥, point 𝑥 determines the 

corresponding ordering relation: if 𝑖 and 𝑗 are two 

elements from 𝑆, then 𝑖 ≺ 𝑗 ⇔ 𝑥𝑖 < 𝑥𝑗 
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EM for MBP – Representation (2) 

 Example: If 𝑛 = 4 and 𝑥 =  (0.98, 0.86, 0.37, 0.78), then 

the corresponding ordering is 3 ≺ 4 ≺ 2 ≺ 1. The 

corresponding permutation is 
1 2
4 3
     
3 4
1 2

  

 Motivation of this approach:  

During the execution of the EM algorithm, the points 

are continuously moved from one position to another, 

depending on the calculated forces. Due to the fact 

that there are “more” points in continuous space than 

in a discrete one, one ordering will not be transformed 

into another by each such movement. 

Further, minor movements of the EM points should 

not change the objective values 
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EM for MBP – Representation (3) 

In other words, if one EM point 𝑥 proposes one 

ordering, then each vector from some neighborhood 

of the point 𝑥 should be related to the same ordering 
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EM for MBP – Objective value 

 EM point 𝑥 determines the corresponding ordering 

relation: if 𝑖 and 𝑗 are two elements from 𝑆, then 

𝑖 ≺ 𝑗 ⇔ 𝑥𝑖 < 𝑥𝑗 and that introduces objective 

function 

Objective function calculates the total number of 

satisfied constraints from the set 

𝐶 =  {(𝑎𝑙 , 𝑏𝑙 , 𝑐𝑙)|𝑙 = 1, 2, . . . , 𝑚}, by the expression 

 
𝑜𝑏𝑗 𝑥 =  (𝑎𝑙, 𝑏𝑙 , 𝑐𝑙)|(𝑎𝑙, 𝑏𝑙 , 𝑐𝑙) ∈ 𝐶, 𝑥𝑎𝑙 < 𝑥𝑏𝑙 < 𝑥𝑐𝑙  𝑜𝑟 𝑥𝑐𝑙 < 𝑥𝑏𝑙 < 𝑥𝑎𝑙  
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EM for MBP – Local search 
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EM for MBP – Local search (2) 

 In each iteration, the algorithm is trying to 

improve each EM point 

 This is done in the special local search 

procedure called improved LS, which combines 

the 1-swap local search approach and caching 

technique 
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EM for MBP – Local search (3) 
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EM for MBP – Local search (4) 

 Based on EM point 𝑦𝑘, a permutation 𝑝 is 

determined 

 In the sub-procedure prepareCache, a cached 

structure satCache is created 

𝑖-th element of this list represents number of 

satisfied constraints in which the 𝑖-th element 

occurs 

number of satisfied constraints for each element is 

calculated only once (in the procedure 

prepareCache), and the update of the structure is 

performed only to the indices figuring in the swap, 

while the rest of the structure is unchanged. 
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EM for MBP – Local search (5) 

Main loop tries to improve the solution until no 

improvement is found 

 In the inner loop, each pair of elements is swapped, 

and then the partial evaluation of objective value is 

performed 

 In order to calculate the difference between the 

objective values before and after the swap, the sub-

procedure inversionPayoff(i, j, p, satCache) is 

called 

 Inner loop finishes when the first improvement 

occurs 
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EM for MBP – Local search (6) 
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EM for MBP – Local search (7) 

 “Classical” local search based on the 1-swap 

approach, in this context, deals with the list of 

satisfied constraints and in each iteration of local 

search, for given i and j, list is updated twice. 

Firstly, all satisfied constraints in which i and j are 

removed, and after the swap, new satisfied  

constraints are added 

 Improved LS deals with list of different nature, 

holding only the information of the total number of 

satisfied constraints, which enables the list to be 

updated only once per iteration 
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Experimental results 

 Implementation 

EM implementation was coded in C programming language 

and compiled in Visual Studio 2010 

All tests were carried out on the Intel Xeon E5410, @2.34 

GHz 

 Two groups of instances are used for the testing 

Set of SAV instances contains a total of 22 problems. The 

instances include a different number of elements in set 𝑆 
(𝑁 =  10, 11, 12, 15, 20, 30, 50) and a different number of 

triples in 𝐶 (ranging from 20 to 1000) 

Set of SLO instances – instances from real world obtained 

during genom mapping process 
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Experimental results (2) 

 for obtaining SLO instances, RHMAPPER software 

package (tool for creating genome maps developed at the 

Whitehead Institute/MIT Center for Genome Research) is 

used.  

 Inside the software distribution package, there is a set of 

markers from chromosome 18, as well as the complete set 

of mapped markers from the Whitehead’s May 1996 

release.  

Triplets of markers are created from this set of markers, by 

using RHMAPPER command 

9 SLO problem instances are considered. 7 of the 9 SLO 

instances are middle-sized, containing from 15 to 25 

elements with 120 to 478 triples, and remaining two 

instances are larger, containing 33 and 47 elements with 

1310 and 2888 triples, respectively. 
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Experimental results (3) 

 Execution 

For each instance, the algorithm is run 20 times, with 

different random seeds 

 In order to precisely show the performances and 

also to make as fair comparison as possible, two 

classes of experiments are designed 

 In the first class of the experiments, for both set of 

instances, stopping criteria is set as follows: maximum of 

100 iterations reached or 20 iterations without changing the 

best solution  

For all instances except the largest one, 20 EM points are 

used, and 50 for the largest one 
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Experimental results (4) 
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Experimental results (5) 
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Experimental results (6) 
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Experimental results (7) 

 In the second class of the experiments, depending on the 

instances’ size, stopping criteria and the number of EM 

points are adjusted to match the fitness evaluation steps.  

 

The motivation behind this approach is in the fact that in 

cases where algorithms use local search procedures, equal 

conditions cannot be gained by only setting the equal 

number of generations.  

 

We decided to count the total number of operations 

performed during the fitness calculations.  

This approach appears to be more general because it takes 

into consideration different implementations of the fitness 

functions. 
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Experimental results (8) 

  Obtained results and the appropriate data needed for the 

comparison are shown in following table, which is organized 

as follows:  

 first column is the instance name;  

 next five columns contain execution informatio nfor the GA with LS: 

averaged total execution time, averaged number of operations 

during the fitness evaluations, best found and the averaged best 

solution, as well as the percentage gap 

 in the next seven columns, data related to the EM is shown: first two 

columns represent the total number of EM points used, and the 

maximal allowed number of iterations with the unchanged objective 

value (to show the way the EM algorithm was parameterized in order 

to achieve approximately the same number of operations as 

previous one); next five columns contain EM execution information 

organized in the same way as those for GA with LS; last column 

shows the ratio between the operations counts inside EM and GA 

with LS 
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Experimental results (9) 
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Experimental results (10) 

  In order to further investigate the statistical significance of 

results, a comprehensive statistical analysis has been 

made:  

we firstly made a statistical analysis of the results obtained in the 

first class of the experiments 

 Fig. 5 shows a multiple-boxplot which enables a visual comparison 

of the performance of all three methods.  

Fig. 5 reinforces the idea that results are different and the proposed 

EM method is performing better than the rest 

 non-parametric Kruskal–Wallis H Test is applied. The null 

hypothesis states that there is no significant difference between the 

three methods, with significance level ˛𝛼 = 0.05  
Test results indicate that there is a statistically significant difference 

between the performances of algorithms (𝐻(2) = 14.928, 𝑃 = 0.001) 
with a mean rank of 20.61 for EM, 40.11 for GA + LS and 39.77 for 

GA 
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Experimental results (11) 
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Experimental results (12) 

  For further analysis, the GA without local search is 

excluded and new statistical analysis is based on the data 

obtained under the equal conditions:  

 Again, the Kruskal–Wallis H Test is applied on two methods: GA 

with LS, and the proposed EM. For that test, the null hypothesis 

states that there is no significant difference between EM and GA 

with local search and significance level is 𝛼 = 0.05 . 

 Test results indicate that there is a statistically significant difference 

between the performances of algorithms (𝐻(1) = 8.142, 𝑃 = 0.004) 
with a mean rank of 16.98 for EM and 28.02 for GA + LS. 

 The graphical depiction of the results obtained by this test is shown 

in Fig. 6. 
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Experimental results (13) 
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Experimental results (14) 

  In order to compare the behavior of the improved local 

search to the existing local search, first class of 

experiments is extended and “classical” 1-swap local 

search is developed.  

Developed “classical” local search was applied instead of 

proposed local search with caching, preserving the same 

control parameters as in the first class of the experiments 

  This part of the experiment was performed only on SAV 

instances, which are assumed to be more difficult  

Obtained results indicate that execution time of the EM with 

improved variant of local search is increased by up to two 

times 
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Experimental results (15) 
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Conclusions 

 EM metaheuristic for solving MBP is described  

 New encoding scheme is used, which gives a 

suitable representation of an individual EM point 

encoding scheme enables fast and efficient transformation 

from the continuous space of EM points to the discrete 

space of permutations and vice versa  

encoding scheme follows idea that minor movements of 

EM points should not change the objective value 

Method uses an effective 1-swap based improved 

local search procedure, which implements the 

caching technique  
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Conclusions (2) 

 Computational experiments are performed on real 

and artificial instances from the literature  

 In order to show best performances of the 

proposed EM, but also to meet equal conditions 

for fair comparison, two classes of experiments 

are performed 

The results achieved by the first class of the experiments 

show that the proposed EM achieves all known optimal 

solutions with the exception of one instance  

For all medium and large scale instances, except two, the 

proposed EM algorithm gives better results than the 

current best ones 
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Conclusions (3) 

Within first class of the experiments, computational times 

for executing the algorithm are comparable to executing 

times of other approaches  

Also, a rather small average gap and a standard deviation 

confirm the reliability of the proposed method 

The second class of the experiments indicates that the 

proposed EM outperforms other approaches, which is also 

confirmed by the statistical analysis. 
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Conclusions (4) 

 Additional tests are made to examine the behavior 

of the proposed local search procedure 

 Improved local search which uses a cached structure for 

storing information about a number of satisfied 

betweenesses of each element is up to two times faster 

than the existing local search used in previous approaches 
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Thank you! 

 

Contacts:  

vladaf@matf.bg.ac.rs  

vladofilipovic@hotmail.com 

 

Questions? 
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